
UNSPLIT ASYMTPTOTIC PRESERVING SCHEMES FOR

HYPERBOLIC SYSTEMS WITH RELAXATION

CHRISTINA MAHMOUD AND HÉLÈNE MATHIS

Our study addresses the numerical approximation of hyperbolic systems with
relaxation of the form

(1)

∂tW
(1) + ∂xf

(1)(W(1),W(2)) = 0,

∂tW
(2) + ∂xf

(2)(W(1),W(2)) =
1

ε
(Q(W(1))−W(2)),

where the parameter ϵ > 0 denotes the relaxation timescale. As ϵ tends to zero,
the limit system corresponds to a system of conservation laws

(2) ∂tW
(1) + ∂xf

(1)(W(1),Q(W(1))) = 0.

The subcharacteristic condition and the compatibility between the entropy of (1)
and the entropy of the equilibrium model (2) ensure the stability of the asymptotic.

Standard finite volume approximations of (1) rely on splitting strategy between
the convective part and the relaxation source terms. Such strategy may damage
the subcharacteristic condition at the discrete level [4]. In the present work, we
propose two unsplit finite volume schemes for the approximation of (1), ensuring
uniform accuracy in the relaxation parameter ϵ.

The first approach is an adaptation of the implicit staggered scheme [1], originally
based on a two-step Roe approach. In our work, we replace the Roe linearization
with an asymptotic preserving approximation. We show that, in the appropriate
asymptotic limits, the scheme converges to the FORCE scheme [5].

The second scheme corresponds to an approximate Riemann solver adapted from
[2], for which we propose a correction to the Godunov step, in order to enforce the
scheme to be asymptotic preserving for vanishing ϵ values.

Both schemes enjoy stability properties: preservation of invariant domains, dis-
crete entropy inequality for limiting values of ϵ. Numerical results confirm the good
performances of the schemes on both the Jin-Xin [3] and Chaplygin models.
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