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Abstract: We present a construction of fully-discrete and semi-discrete Lagrangian-Eulerian schemes for numerically solving 
three-dimensional  scalar  (and  systems  of)  hyperbolic  conservation  laws  on  structured  cubical  and  tetrahedral  meshes.  
Considering the mathematical challenges of numerics for hyperbolic conservation laws with applications in fluid dynamics, we 
also briefly present the numerical results in the context of high-performance computing via a MPI environment and its performance 
using the typical  strong scaling metric. We will present several preliminary 3D numerical solutions for systems, for instance, (1) 
compressible Euler flows with positivity of the density, (2) the classical Orszag-Tang problem in magneto-hydrodynamics, which is  
well-known to satisfy the notable involution-constrained partial differential equation  · B = 0 (this condition is verified∇  
numerically by the proposed approach, i.e., without any imposition of an aditional constraint in the formulation), and (3) a 
nonstrictly hyperbolic three-phase flow system in porous media with a resonance point [1]. To achieve this, we begin by 
deriving fully-discrete and semi-discrete schemes for a generic three-dimensional hyperbolic conservation law making use of  
the  recent  Lagrangian-Eulerian  framework  [2,3],  which  is  based  on  the  improved  concept  of  no-flow 
curves/surfaces/manifolds  [4,5,7,8,9]  to  construct  a  novel  approximation  for  the  flux  integral  that  naturally  adapt  to  the  
conserved  quantities  in  a  very  simple  two-step  manner,  which  is  effective  for  computational  implementation:  The  first 
Lagrangian evolution step automatically handles the hyperbolic fluxes and, the second step, a Eulerian remap, which allows 
the use of a single structured cubical and tetrahedral mesh grid, thus eliminating the need for moving meshes while retaining  
local conservation. Due to the no-flow framework, there is no need to employ/compute the eigenvalues (exact or approximate  
values) - in fact there is no need to construct the relevant Jacobian of the hyperbolic flux functions, and thus giving rise to an  
effective weak CFL-stability condition, which is feasible in the computing practice. The method is Riemann-solver-free and,  
hence, time-consuming field-by-field type decompositions are avoided in the case of multidimensional systems, which retains 
the same simplicity of the 1D and 2D prior formulations for multidimensional local [3,4,6] and nonlocal [7] conservation laws 
as well as for well-balanced Lagrangian-Eulerian methods for shallow water systems [5,8] and nonlinear balance laws [2,9].
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