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ABSTRACT

This work studies the stability of numerical schemes for the approximation of the weak
solutions of hyperbolic systems of the form:

Ow + 0, f (w) + A(w)dp,w = S(w, ), reR, t>0, weQCR™ (1)

System (1) is assumed to be endowed with an entropy inequality written under the fol-
lowing form:
on(w) + 0,G(w) < Vn(w) - S(w,z), in a weak sense, (2)

where w ~ n(w) is a convex function (V2n(w) > 0 for all w € Q) and G : Q — R is the
entropy flux function satisfying VG = Vn - (Vf + A).

In many particular cases, one may find a general conservative entropy relation in the sense

where (w, z) — 7j(w,z) is a convex function and G : Q x R — R is a generalized entropy
flux. In what follows we shall assume that such general pair entropy-entropy flux exists.

Moreover, the previous system has non trivial smooth stationary solutions that satisfy

O f(w) + A(w)0,w = S(w, ), (4)
9.G(w, z) = 0. (5)

In the present work, we focus our attention on 3-point finite volume explicit schemes:

At
w?“ = U);L— E (fA(w@n7wzn+1) - fA(wznflv wln))
At
~ 3As (AR (w]', wiy) (Wl — wi) + AR (Wi g, wi) (w] — wiy))
At
+ ? (Sﬁ(w?a X4, ’IU;L_A'_I, $i+1) + Sg(w?—l’ Li—1, ’LU?, ml)) ’ (6)

where fa denotes a consistent numerical flux, AZ’R are matrices consistent with A(-) and

Sﬁ’R are vectors consistent with S(-,-). Here, w]" approximates w(x,t) for all z in a cell

Ti_1/2,%ir1/9) Of size Ax at time t". For the sake of simplicity, both Ax and At are
/2> i1/

constant.

Now, some natural questions arise:

e How can we obtain, at the numerical level, an entropy inequality for the scheme?



e Is the numerical method (exactly) well-balanced?

e Do the updated states (w}"!);cz be in Q as soon as wl € Q for all i € Z?

In the present work, we address these three questions and give a positive answer by adopt-
ing an artificial viscosity approach, which is valid for any given 3-point FV first order
scheme.
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