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Abstract

Reconstruction procedures are one of the means to build numerical
schemes of high-order of accuracy for hyperbolic partial differential equa-
tions. To obtain reconstruction polynomials it is required the use of a
stencil, a set of cell averages for finite volume methods. The size of sten-
cils is related to accuracy, it increases when the accuracy does so.

The computation of reconstruction stencils can become cumbersome
when dealing with three-dimensional problems and unstructured meshes.
Furthermore, there are one-dimensional (1D) problems where reconstruc-
tion stencils pose problems, specifically those in which domains are small,
making the role of boundaries extremely important. A relevant example is
the one given by 1D hyperbolic systems acting on networks, or when 1D
domains are coupled to models consisting of ordinary differential equa-
tions. Preserving the order of accuracy of the numerical scheme employed
in 1D domains introduces significant complexity to the overall numerical
approach.

For these reasons, the ability to produce reconstruction polynomials
with a minimal number of elements in stencils is very attractive. A no-
torious and successful example of compact-stencil schemes is that of dis-
continuous Galerkin (DG) schemes. These schemes avoid the use of re-
construction polynomials by directly evolving local polynomials in each
computational cell, while interacting only with neighbouring cells. This
results in much more compact stencils with respect to the ones employed
with finite volume schemes. However, DG schemes have stability require-
ments that reduce the CFL coefficient for increasing order of accuracy.

In this work, we present a reconstruction procedure for finite volume
schemes that can reach up to fifth order of accuracy, while maintaining
a DG-like stencil. In order to achieve this, reconstruction is performed
using neighbouring cell data and the solution of Generalized Riemann
Problems (GRP) at cell interfaces. The procedure does not pose restrictions
to CFL coefficients with respect to those use with classical finite volume
schemes and can be formulated in both linear and nonlinear fashions.
The methodology is particularly appropriate for GRP-based solvers such
as [1, 2].

We assess the proposed method with the linear advection equation
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and two nonlinear systems, i.e. the 1D blood flow equations and the Euler
equations. We provide numerical evidence of order of accuracy, stability
and efficiency. The results are compared with those obtained using well-
known reconstruction approaches [3], as well as with the fully discrete
DG scheme proposed in [4]. Our findings, limited for now to the one-
dimensional case, are promising in terms of accuracy and efficiency.
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